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List of Orthogonal Polynomials

Legendre polynomials:

_ _ _ _ 1\1/2 E.g. Multipole expansions
a=-1 v=1 w(z) = 1 Nom = (m T 5) of charge density

P()=1 P1 — T P2=(3.’E2—-1)/2 :
Associated LP appear as
P; = (5;[;3 —3x)/2 P, = (35;1;4 — 30z2 + 3)/8 solutions to QM rigid rotor

Laguerre polynomials:
a=0 b= o0 w(z) =e™ 7 Nm =1
Ly=1 Li=—-x+1 Ly = (z° —4x + 2)/2
Ly = (234922 — 18z +6)/6 Ly= (z* — 162> + T2z* — 96z + 24)/24



List of Orthogonal Polynomials

Associated Laguerre polynomials:
a=0 b= o0 w(z) = zFe™® ) = vm!/(m+ k)

k k k
L(() ) =1 Lg ) =—-zc+k+1 Lg ) — [372"' Q(k + 2)33 + (k + 1)(k + 2)]/2 E.g. Solutions to radial

Schrodinger equation

L = [—a® + 3(k + 3)2% — 3(k + 2)(k + 3)z + (k + 1)(k + 2)(k + 3)] /6 of H atom

L™ = [z% — 4(k + 4)z® + 6(k + 3)(k + 4)2
A(k+2)(k+3)k+ )z + (k+1)(k+2)(k + 3)(k + 4)]/24

Hermite polynomials:

a = —0C b = OO w(afj) — e__xi-’ Nm = (—1)7‘”’2—Mm’/zfr_1/4(’]’n!)_]‘/2 Eg Solutions to
Quantum Simple
Hy=1 Hy =2z Hy = 42°% — 2 harmonic Oscillator

Hs = 823 — 12z Hy = 162% — 48z% + 12



List of Orthogonal Polynomials

Chebyschev polynomials of the first kind:
a=-1 b=1 wx)=0-2°)"Y2 Ny=+/1/7 Npso=+/2/7

To=1 T1=2 To=222—-1 T3=423-3z T,=8x*—-8zx%2+1
Chebyschev polynomials of the second kind:

a= —1 b=1 w(z) = (1 — z?)1/? N = +/2/7

Up=1 Uy=2zx Uy=4z*-1 Uz=8zr3-4z Us=162*-122%+1




Explicit expressions

LK) (z) = Z(—l)j (:}Lt’;)%x% LF) = /m!/(m+ k) L) (17.23)
=0 '
Hom(z) 3 (22)"7%, Hm = (-1)"27™3(ml) " 2a "]
() = —(2z)" 4, m = (=1)"27" 4 (mhY " T m s
= 7l (m — 2j5)!
o [m/2 (m—j — 1)! (17.24)
Im(z) =+ —1)7= —(2z)™m %
To=V1/m, Tpso=+vV2/7Th (17.25)
[m /2] (m_j)'
— _1\J m—23 —
Upn(x) Z( 1) j!(m—?y)'@x) , Un =V2/mtUp (17.26)



Explicit expressions

Table 17.2: Recursion relations tor orthogonal polynomials.

(m+1)Ppi1(x) = (2m+ V)aP,(z) — mP—1(x)

(m+ DLW (@) =0 +2m+k—=z)LY — (m+ k)L™ |
Lint™V = Lin) + L)

Hpi1(x) =2xH,,(z) — 2mH,, 1 (x)

Tmi1(x) = 22T (x) — Th1 ()

Upnii(x) = 22U () — Up—1(x)




Explicit expressions

Table 17.3: Differential equations satisfied by orthogonal polynomials.

e

P (1—2%)y" —2zy + m(m+1)y=0
L, zy" +(k+1—x)y +my =0

H,,: Yy —2xy +2my =0

Ton: (1—z%)y" —zy + m?y =0

U (1 —2%)y" — 3z + m(m + 2)y =0




Function Resolution in O.P.

Definition. Cla,b| is the Hilbert space that contains all functions that are
continuous for all z in a finite interval a < x < b, over the field C and with

inner product (f, g) f f*gdz.

Theorem 17.2.1. (Weierstrass’ approrimation theorem) Any function in
Cla,b] can be approzimated to arbitrarily high accuracy by a polynomzial.

It follows that {1,z,z%, z>,...} is a basis for C[a,b]. Any f € C|a,b] can be

expressed as
~ Z ak:r,‘k (1727)
k=0



Function Resolution in O.P.

Definition. L? is the Hilbert space that contains all ple(:evvlse—cont1nuous8

functions f such that (f, f) is finite, with inner product (f, g) f_ ffgdzr

and field C. The functions in L? are said to be square integrable. If the
inner product contains a weight function, the space is called a weighted L?
space, indicated with the notation L?[w(z)]. If the range of integration in the
inner product is a < z < b, then the space is designated L*[a, b; w(z)].
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