
statzor Day 20. QuantafreeDale and
·
⑳ becan

=O-W + -E)Y
-

->2 order differential equation
Chighest dut. is 2)

-> Lineal (power of highest
dot is 1)

-> Homogeneous (ifIt
iseolution

the X4 is also

a solutionfor XEK)
indorder -> we need 2 condition to fix
lie solution

solution theirLinea = If Pull o area+home green
C4)+dealso a solution

for C,dEK.



A solution to exists
, for a given

set of initial conditions (410) = zo
-

and ↑ x0) =E, , for instance) ,
if((x) -E) is real, finite, single-

valued and piece-wise continuous

IE ()/"des X probability of finding
particle with energy around
a pt . x . -

d

=> S14cmlda -> finite -
-

⑳ are condition that arise from
postulate 4 (Bom's postulate) : They will
ensured if we require that the solutions
to⑰ be

-single-valued
-> finite

-

- coulmous for Ye((
everyohen



Rewriting ⑰ as

= (V()-E)Yz() -

we note that

a) It V(z) is continuous everywhere , so
are a andd along witha

b) If VG) has finite number of-

finite discontinuities (pieccurse
--

continuous S them ↑"(a) has
I

-

finite discontinuities &

=> 4/m) = 94 Calde is
-
-

=

still continuous M

-
-

=

4 If VG) has a discontinuity whereit

jumps to O, then d24 alsojings>

daz

to o at litpteis discontinuous



The conditions on 4(a) may the
be summarized as :

1 . 4(x) is always continuous , finite
and single-valued everywhere .

2
.d4 is always continuous except
at points where VC) jumps

-

to as discontinuously &

3 . &4 may or may
note be continuous

Inz

depending on V(K) .

The same conditions hold also for
the overall wavefunction E,t).



Note that if our initial preparation
slaits tie system off in an
energy eigenstate , say IEO, then

& (0) = Se
,
to

=> (F(t] = e-itEL -
In such a case the probabilities
associated with anydeservable
Es

P=KC'lECR = KIETY
which is not time-dependent.
Hence
,
states such as ⑫ are called

Stationary States--
Solving TISE is equivalent to looking
-

for stationary states.



particleidimnmoves frey
along tie x-axis.
Here "Free" means the potential
energy it experiences is uniform

in

space . ic. V(x) = contact . Let us
Set it to zero. The results will not

change except for a constant shift
in energies.

: Hamiltonian of live system is

#= -
In position basis , the timeindependant
Schrdinger en . For the syslim is

4) = E4 Y



of At 4(a) = 0
-⑯

mok" cray)
This is a 2ndorder LHDE . Additionally

,

it has constant coefficients. In
such a case it becomes easier to

look for a solution
-

Given ad a
,dyGyl)

where 90, 91 ,9,
ER are constants

Xx
we can try yx) = e as

a solution ↑

=> (a,x + a, x + ar)y() =0

Non-trivial solution exists when :

↳ta,x + go =0-e



③ will give 2 rools X , & X
· two possible solutionyelding

X ,x

y , (x) = e

yu() =
exx20

If X , * X2 , liew it is easily &
&

verified that these a all Linearly
&

independent Cusing the Wernskian)
: gened solution is written as

y(x) = c, y ,(x) #(Yz()
-2

⑬ is called an auxiliary equali

Theauxiliary equation for is
x2+ k = 0 -

=> x=k⑪



% h = IE ,20 if Ezo.
-⑪5

Let us consider this case first.
Case <is = X = tik

-

-
= - XmE/h)

So the L . 1. solution for a givenE
are 4F(a) = exp (i)

I

-⑬
And ti general solution at an E is

Ye(a) = A_ Yet() + A
_
4E()
⑭

Since theproblem does not offer any
dier constraint

,
we cannot determine At

by applying any boundary condition
.

However
,
there is one price of information

that we can use.



First let us define the parameter
kE(-n,a) , such that

E(k)= - ⑮
am

Thus
,
She 1 .I solution to the

problem , at any energy , can be
written as ·

P(x) = eit
k = (0,a)

= (a/tr] E(k) = kYzu

These function are the eigenfunction
of the momentin operator

EnPu=EY)=
↓be isweeigenvalue

This is also evident from the
-

form of momentin eigenfunder seenbefore



↑pil) =ei
This identification has en following
implication :

i , k measures te momentum

of his particle (Dn= hk)

ii) <4/417 < <4 plt]
= 8(bu-Px)

=+(k -k)) -⑭
is . they are altegond

min, In can be normalized
and

written as 4p(a) = to like
⑳



⑮
iv, Since [F

,En) = 0 for the free-
purdick Hamiltonian C

we must be able
&

to sumultaneously determine energy-

and mancutum of ei particle

inany energy eignitat
with abinis

Therefore, the desired stationary states
can be constructed out [4(2)].

(x,=eiki
E

1

↳
We could easily have noted⑰ first
and guessed the energy eigenstates
- -

directly !! This is the power of Nu
ferator algebra we learned so far.

↳- quantum number.



Casii, E <o

=> k" = - 2mIt) ⑬Fl
a k = =i -

when K= I 0-

=> L .I
.

solution are

↑= exp(-(x) -

YE(u) = exp((x) -

Both solutions are inadmissible

because ⑮ diverges as x-o
while⑰ diverges as -N

free -
Therefore , the particle is not allowed,to have negative energes



edubonA,
↳

wherelut is givenby
and ke (00 ,a)

A(k) are coefficients of expansion.

Ergen
energies E(k) =he 20 S⑲Eigen Pa(k) = Akmomenta

Note that the allowed energies in

stationary states are gapless.

↳ - quanhin number . It) zilk]


