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the continuity equation-

I =H -

given IF (t= to)] = 180) -

Since both (F(H) and 10) are in the

same Hilbert space , we can think

of an operator that connects the
two :
(t, to) : (E(t))= (t,b) 107

-
Substituting this in O yields

it Ct,E) IE] = FULLE
=

Since 180] could be any albinary-T state we have :Starbu
ito(h50) = FCt)ECLO
-

&t e



Let's assume for the moment that
Fe(t) is time independent · In this

-

case
.I has a very shrightforward

edution :
j (t , to) = exp(-i

#(t--)
F
-⑤

as can be checked by substitution D

T is calledatime-propagation
gerator.
Assuming that , if Ito] is normalizal
so is IE(4) we get that

1 = [ICH(E(H)
=> <EolitCt, to) Ct, to) (Ir]
= [FolE)-6
=>Chto) (tw) = -O

ic . Y is a unitary operator.



thedefinitionofa
1%) = [ (to

, t) (EC)-
But also,

170) = 5(tt) (E() -@
-TCt

, to) lECH) -

% Comparing and ⑤ we

have that
, jt(t, to) = Y(to,6)

⑪ ⑪
reverse propagation in time.

A
- in a 1-d boxEg .

-

partic
starts state a superposition of u=1, n=N

1801 = 1 147 + + 14)
-⑫

E

What is the state after time t ?



lECH) = E (t , 0) 1 %7

= exp(-t) 14) +1142)]
↓ t

energy eigenfur

= Sexp(-it) 14:7
↑ exp (i) (4]]

(0" f(F) (4.7 = f(E) 14,D)
-⑬

Similarly, a free partiede in 1-d
-

starting from an eigenstate 14p7
evolves as :

(ICH]= exp(it) 1407
= exp(it) (4p)-



=>E(x ,t)=expit)exp

=expi-wt
where Cop=C

Forpr, thia right
mnin

to,plo
J

"!
->

For pso

[(, )=exp(-i(wt)
=> Left moving wave .



This aligne with
our general notion of

partich motion and sign of momentum
-

We will see what happens for time--
dependent potentials late sin les
course.

-

Continuity e.
-

In classical deciodynamics , we
have the continuity equatio describing
Hi local conservation of charge.

·ert)=
where 115t) is tie instantation

charge density
flist is the current density

amount of change flowing per
= unit ture across a

unit area with normal /15.



V

That change inside·the volume can
change sur to both

inflow and outflor.

act = Sert d ⑰
v

outward
Net flux across the boundary of V.&
& r,) .du anot
->

flowing
-⑯ aense di

per unit
Ceme &

If no other processes change CC)
win we have

& CCH) + gj . d5 =O

JE S -
More locally, & we can use the

Gauss divergence theorem in⑮



Net flux= id = /5 jdi
V-G

and d = Jar d-
V

Sai[+] = 0
-

V

=> frit-j
This is lie local version of the continuity
equation indicated in

-> Disappearance of charge from any (infinitesimal
region is due to an outflow of charge into
other (neighboring) regions
-> Total change is conserved (over

time)-



7/10/2025Day 24 Continuityquation
F
Intive content of QM, a similar
conservation property holds for

the
&

&
--

probability , forenslance , of funding
-

a parlee in a volumed di around I
at any time. This is ensured by
normalization ofli state.

< &(H) /E(t) = 1 ⑭

=> 1 = Jar [ECtlXElECt)
= Sar **(5,2) Flit)
= Sar Plist) -

⑪
probability density. (likchange demnity

So can we derive an analogous
-

continuity equation in Am ?
Yes .



Consider the TDSE in positie represents
tion . (for 1-partie in 3-d)
it OFFE =-E

- V (r,t) [(ijt)
⑯

Taking complex conjugate on both sides
we get
-in rit =-t
at

+ V (t)Brit
-

Here
,
V is assumed to be real as is

-

required for Hermilicity of E.

**⑯ Ex

it [**)
-⑳



=> it &P(,H
at

=>*).
- (1) ·** -E **E

*

]
=-E]
-

where we have used the identity.
=> (f(r)()) = -f (r)· (r)

&+ f(i)5.(i)
& 55f = -



⑪↳
where

[It)=[
- Erierit
↳

is the probability current density.

Suice z - z
*
= zihm(z) -⑬

we can also write ⑫ a

TIE) =ArtG
↳



Since total probability is always
conserved,

Sept =-fajita
V

=-Sjrit) .ds
S(v)

= 0 -
probability

= Thenetnat-flex at the boundaries
↑

Cenfinities vanishes and, evenT

locally, Lt just -0-
/-



Examples.
① tit = (exp)iw

where cop-h
54prit) = (c) Pplite

=>t4prit)=
->lit =@m[t
=-

=j = o # est) = 1/2nd)3
=-



Note that⑮ also means.

Jits = Int)() =Ti
-

which agrees with the
classical nation of current density.

② Plit = Pre-int -
54(,) = (=(5) e-"Yat-

=> 4
* 54 = #*r) =p(r) -⑬
If Pit R ,

tim 4
*54 ER .

=> Trit) = 0 -

Thus, the current decrity associated with
J

real wavefundos or warefunction witteseparable

only ,complex time parts is Zero.



③↑ (e,) = Alter+ B(t)e-

4
*
74 = (A

* e-ipm/b+* eibu/h)

yp(A eibult- e-ibut

=i(Al2- 1B12) P
F

+ iP/ [AB* eibult_ A*Beizpai)
= i (IAI2IBP)P/h
- 2/mm [AB*epath
-

L-
In

~

=j(-


