
13110/2025 Day 26 . The Quanhim Mechanical-&
F Simple Harmonic Oscillatos
-

Problems where the position of a particle
Co2 even collective coordinates of N-particles

-

move about a stable equilibrum are
modelled

,
at a first degreeof approximate

as a simple harmonic escillator.

Let us illustrate this by considering a
classical particle ,tied to the origui
by a "restoring force" , moving only along

& -

U x-directors -

The potential energy of the particle
-

is a function of the positem . Therefore,

for small displacements from the
-

origin we could expand the polential

energy v(a) in a Taylor series

V(x) = V(0) + &Ide
+ G(u3) -D



Now , if we assume that eve

potential energy function. achieves its
minimum value at x=0. In this

case

= -
Then

.

She first non-trivial dependence
&

on a (leading order term) comes from
Mie quadritic lim. To a good
approximation then, for small displacements
we have

V(x) = + due
Let Vo = V(ro) = O
& = min=30
m- mass of particle
w= = fundamental Cangular

frequency of oscillation



The force acting on the particle
at any instant / when its displacem-
ent is x(t) =x

,
1 :

F(t) = - dV(n(t) -⑤
Jx

In the present case this means

F(t) = - ku(t) - 6

If 230 , F acts towards the
-

orgen . Fence
,
it is called a

-
&

restoring force. From Newton's eu

of motion :

F = ma = md =
-mu

T2 -

or+ w =-

=> x(t) = Aeiw
+
+ Beint



Also
,
(t) = ikeih- Beiku]

-
suppose, x(0) = Ao 1ix(0) = 0

= A + B = Ao ⑫

ik(A - B) . = 0 -⑬

⑬ = A = B -
⑫ A = B = Aole

Putting it all together we get
x(t) = Ao <e (wt)

UH=( =
-Aw sin(t)

3.6

Note thatLi KE . is

THE Emi= IMAswsinWE
P . E . is V= RICH = ImApcatat

-



=> Total energy at any time is

ECL = TCH + VCH
=EacAd-

is. Total energy is conserved.

and EXAS for a guien
- m ,c-

Also note at T= o = x= As
-⑳

These are called. "Turning prints"
-

I

-

Thi classical particle cannot lake
a larger amplitude that this since
that would render TCO ,

/Ap A -
-x
!

M-·z8 - --
--

- T=ZM/w->S



New on to his quantrum problem .

For this Harmonic potential we have

Val

=V(x) = V(x) - S
-

will
= eigenfunchons
odd/even parity !

As always, solving His dynamical
problem require first solving the

& 1
eengenvale problem as Val is

time independent

TISE : · /4) =E (4) -e

Let's first look at His position basis
edution .



-thd4(u) + ImwT()El-
Let

+ dh=> =-
48 [32

Substituting in⑭

E [ (203)+ 34(3)T = E4(
-

or letting Plas) ↑(3)⑮

↑"(3) + (x -34[(3) = 0 -
when X = Eltlk-s

-

We are looking for bound state solutions

for which a #(3) -o -
131-d



In this limit (13140) the different
equation becomes

↑"(3) - 31P(3) = 0 -&

Considerye 134
y' (3) = (30 - + zbH)e/2

& y"(3) = (p(p-1)yp-4= pyP = (p+1)3B
<P+2) etBi

=((p-1)2p
-

=(2p+ 1)y4+ 3b+2)
et?

= + (PH +43 YL
-> 3y(3) (13100)
-



Thes
,
a solution of li form ⑬ would

satisfy Ste 131so behaviou of (3)
required byD . But for F(3) to
be bound we need to discard the

- as it would belowes possibility
up at 131-0.

So
,
we could write

F(3) = +(3) e -
3%_

where f(3) is representable by zane
---

polynonionial 3 Substituting ⑮ in

⑲ and eliminating we exponential
from both sides yields :

=(2) - 23f' (3) + (x - 1) f(z) =0

-
The solutions to this 2order different
equalia form a vector space.



Consider theret of polynomials
[1 , 3 , 3, 3...3-

These are clearly linearly independent
Now consider. the set of all&

Fundin F(3)=
For IneR ,

and defined on3 (a,b)

This set forms a victor space over
real fielde

Let's define the note of an
inner product for there:
<f (g) = Jof(3)g(3) ·(i)

a -
where OSW(3)[A is a

weighting function. This nowform
a Holbert space 22((a,b) ;w) &



Using the definition ofMie I. P.
andMi LI · Set Q , we can

-

come up with an othogonaly
set of "baris function"

# = [3, 6
,
(31
,02(3) , ... 3

such that

[1 = Ni Bij-o
& f(3)=13)

for any-, ;w)

Obviously [03 are polynomial fundios
9They are called octhogonalpolynomials
&

we can also choose to, normalize the

E63 to get 983 e . t.
--

<tilt;)
= zij-a



-32
Let uschoos w(x) = 2
and a = -0 , b= N

Then
,[83 salvify :

de(3)(3) e- = D
,j
-⑭

In this case
, we get thesthogonal

polynomials to be the Hermite
&

polynomials defined through :

die Hy(3)
= (12 e4294(e-2) ⑬Ten

&

which yeelds : [he]
Hal = [113(23(4-23a !-

S = 0 m-21)!S!

where [T = greatest integer function -
E floor function,



e. g. [4. 3) = 4 [04 .3) = - 4

These satisfy Hi recurrence relations

Hu+, (3) = 23Hy(3) - 2nHn+ (3)-
Hi(3) = InHu-) 6

using these two relation we

can show that Hil3) satisfy the
differential equation

H"(3) - 23 #(3) + 2nHn(3) =0
-

Normalization :

a e-(Huls)) 2 !
-o -

=> Nu=



Comparing will live equation we
had for our quartim Harmonic

Chillator , we readily identifythat

f(3) = Hul3)-
if ( - ) = 2n -o

⑳ => E/(E) (n +1)
& En = (n + /2) two-

n=0
,
1
,
2
,
3....

=>E)=
-En = (n + 12) tw

n = 0, 1 ,2....

an Mie eigen solution of Vir Q. H.O-


