
23/10/2025 Lee. 28.. Ehreufest and Virial Theorem= -
Ehrenfest Theorem
-

Consider a general &M sysleim described
-

the Hamiltoniat H(t) · normalized
SupporIFCH) is a general state&

of wi
-

and Alt) is ansplen
operator with possible explicit time-

dependence. E

A-
-value of,atThen

,
the expectation
line IEH) isany
-

,
in the state

CIT = JelECt (E(H)-O
ELH).

The rate at which it changes in time
is given by

HE
+ (ICACH
-ECECH] -⑬



The first 2 lim of ⑤ are
&

semplified wind the TDSE

itEH=I lEH
and its dual.

-it dECH =EIE-
TheyI

&)(AD =
-i<I(t) /[ACH]lECH)

It E
+

-⑯
This is general form of te Ehrenfest theorem.

P

Let's specialize come familiar cases.



First we consider time independent
--

Havillomans Fe such that

FLEX =Ele -

and let's consider an observable
s .t. (no explicit timedependence)

For such an observable we have

-(S,-

For anystate
(ICH) ·

If [E,] =0 means that

=-



it. SET is "conserved" during
state evolution . That is. it doesn't

change in time.

But [I
, #) =o also means that

the 2 observable share a common

set of eigustets
. More specifically

(E) = alE] -⑩

where At is an eigeable of
which

may depend on E . Generically,
&

we canlven lobel the energy
eigeneti

~

as 919,E>S since
we can determine bath A &E-

simultaneously with arbitrary precision.

: a forms a "good" guantum number

tocaber energy eigenstates.



We can combine& lo

state that

d

Any observable that consecutes
with

the Hamiltonian of a OM system
will yield a good quantum number

-

for the system and its
--

expectation value is conserved
during motion

.
"

A more direct way to see this :

CATt
= [ECIE LECHT

= [E(o)-F+,E(0)

=> [E(Ern
=> <ICO)/lECO) =<) o
C : [H, ) =o) -⑪



New consider =2for a A-partic
Ed problem .

= F= +⑫

: ⑧ implie

d -
Nur,
[ ,H] =1[,E2]

In
:dat
If we pretent that <E represents
classical position of particle & <Pr--

-

its classical moncler , ter



⑮ is evalogous to this eu.
j(t) = ((t) = It

-⑯
Now

,=
==(

: du= do
·

m =-
-

Y Fore .

-

⑮ is the analog of Ei Newton's
equ. of motion F = ma =n(t)

-



The 2 eque

dat
mdtz - (d)
Itz

are together called the Ehrenfest-
theorem .They help illustrate the
correspondence between quantium and
classical notions.

If (EC) is a stationary state then
the compending warfunction is separable
in
space & line .
is. ECH) = P()(t) - Go
where d = exp(-iE

& ↑ is eigenfunctio for E .



=> Lift Se P*
-

The RAS can be evaluated (converges
if 4(x) is abound state.

d = 0 for ench a
state!

: <PaT= 0 from
->

-
- bound state the

For a stationary--

expectation value of monewhim is 0

at all times.



evival
There

sam systema
29·%) partides or 1 particl and N-d

We define the generalized coordinates
and moments &i , Fili = 1,N es

describe the dynamic variable , such That
Si , Fi] = it dij

M

[i,j] = <Pi,) =be
is they still obey the same-

-

commutation relations past of
our postulates &

The Hamiltonian would then be

= Ci + V(9,
-5

where C; are come
constants that

depend c the choice of continche,



For instance if 29:3 were just
&

Cartesian coordinates Ci = Yemi
& pot thi

Now consider the operation
=⑯
--and a stationary bound

state

II(H] ↑

Then
,
a<)

= 0 -
It

as wesaw in⑫
But S,) by
= < C , E)) = 0 -G

for A givenby



[ ,i)E ,#]

=]

t [b., V(q))
-

where we have used the fact that
[iPi, ] = 0 of itj.
: Sa,]=  ,

+ t[i ,v()])
Cusing CAB

,E] = CA,]B+ [B,3)]

=+E

= it[2-



([i ,]) =

= 2/7) =/
↳

This is called the typerical theore.
-

Since IEAS) is a stalian fanday
State⑪ is especially tree for
-

egenfictio ↑

The RAS is like a visial

F
Yforce -

Virial Theorem : Now consider a special
tanof potentialenergy function
called homogenousfor
V(9,.92-EN) is said to be

homogenous of degreen if
v(x9,, x9 · xqw) =XVE)
for some X -&

-⑳



Then
, differentiation of ⑯ with

respect to x yes
M

LHS z &i) o
al

= V(xe, ) 99
i= Glixi) -

RHS = X
+
V19

,99w)-
Since⑪& are true for
any) , we can set X= 1 which

Yields
al

& V . 9:vi.

↳



For such a potential the typervival
theorem
, for a stationary bound

state
, yields

2( = n[v] -
This is called live. VirialTheorem (due

-

to V. Fork) ↑

It relates the

averge K
.E & P-E of any egoi

state of a GM system.


