
zsliozoest Lecture 30. . Angular Momentin
- --

-Particle in a central potential :
-

i . v() = V(n,y,z) = V(r) -D
Spherical M Z
Polar coordinates M

-

( ,y, z) -> (r , 0,y)
v= to,a)

O = [0,TT] ↓
y = [0 ,27] x

or ET ,T1]

Combi clockwise rotation laten to

be positive .

Rotation of xy-vector about z exis

↳



Easy to see that
x = xd - ysind
y = xsi: +ya]
zl = z

R
(x), y', z') & ⑫,y,7

Rz(8) => (
a 8 - sing O

(sin cat O

E O 1

=> E Relo) t - -

I
O

81114
Racol= case or 3⑤O

Ry(0) =and, scioa



An infinitesimal rotatio by 5=E

->of can be written approximately
using

costEE
Using there we can show

,
(HW .)

that

Bult)Ry(E) - Ry (E) Ru (f)
=> R((E-1-

This is a commutation rele for
-

roktions . Similar ones for other

paisof
rotation can aloa

In QM., such rotation would ,in general,
&

charge the state of li system ↑

Thus we have a unique map from a&

starting state to the rotated state



Let us define a rotation operator (,4)
which rotates about the axis by
an angle I in Mie Courtecheckingrus

If i is his zaxn ther :

52 (4) (2,y,z)
= (x ! y', z']

= /xcos-ysinD, resing
+ yus4

,

z)
-

The general action of Li ,4) on an

arbitrary state 1) is written as

& (u,y) 17 = 1217

= Jarky',z'7 <a
,yiz



where In ',yiz's are his volted
coordindis about in by 4.

Let us now consider an infinitesimal
rolation aboutE · by 84

8 (0y/ (n ,y ,z) = /x-yoy, n8y#y,2)
=In (-yoy) Ey (204) /x,y,z7

-⑩
Usingthi definition of the

-

traulabe operators , (da) .

Now
, Yu(da) =-ide
:(54) (2, y , z))

&
= (1 + iyou)(-i

lay,z)



- (1 +=ga - iPy)(a-y ,2)

+ o (oy" -

-[ -Ex(y - j(n))+xyz)
-

=>(oy)= -jo-
-⑬

111 we can show that

By(54) = +Wy (Ez-EPa)
⑭[En(e) = 1 - yoy (YE-EFy)

ormore generally wa se



(5) = -y . (*)

= -54 .⑮
wherex-
is Nie angular monculin.

Orbital A .M.
-
-

In general , D(R) is a Rotation
↑

gerator corresponding tohi rotation
&

R . We require * (R) to completely
minic R .

Rotationsf) Operatios
~: R .= RIdentity J(RI . =B(R)

closure : R
, Rz= Ry *R,15 (R2) =J (R3)

Enterse : RR= # I T(r):(r) ==Associality : R , RePs) &(R) (J(R)BIR)=

=(, RJP, =(TRY(BIR)



With such an icmorphism defined
between Min I groups we call
eas ily show that die rotation

- ·

relations incommutatio ⑰
exiply that

[Eu(e) , By(e)] = E-
-

LHS2[(I-in) , (*-y)]
=- [,y] -

Rs= - iz- =i
⑯

LIS = RIS (2
· Jy] = itz-



The communitation relations for other
retation operator pairs also yield
similar relations M

Generally,

[Tc , [p] [pT
↳

where 4
, B ,8 run over cartesian

components 2,y,z.

Expe -> Levi-Cevila
tensor

↳
=

& o C+ P *U and
in

cyclic order

[ ye
O i any 2 components

=> Expu = - Epar
als equal



Any Hermitianvector operator whose

components satisfies the commutation

algebra2 will henceforth be
-

called an AngularMomentum erator-
* (5 ,5) = 1 + into⑭

F

of 8 conserves norm thin it

is nuilay . Et= *T-

=> + i 24 nE
t

F

= I +y .5

If y = Et => Hermitian
&

-
Note that while- is a general
definition for an AM operator, the

- T - made in⑯identification



=x
is derived from its action on a

position basis. In this case
,
we

have the orbital angube momentum
Es
↳ : Ze
L - generator of infinitesimal

spatial rotation.

Later on
,
we will also see audher

operator satifying⑫ but not
-

gralug co position bases
-> Spin A

.M .

as well as a total angular
-

monculum operator.


