
MikokLee 32 .EenliteEigenvalues of Angular
-2 Momentum
-

&

↑The generalyed angular momentum gerator
is defined through the following
relations : Es

T =
t (Hermitian)

-D
[52,) = 0 a= x,y,z -

M

[,p) = in Expo -
Here: +5+ -

-

8,0 + that we can simultanently delumne
J & only one of the componenti

M
↑

conventionally & the Je component is
quanlyed simultaneously with

2.

Let's look for simultaneous eigenbets
5252 · Let's call these as

of
-

[x ,mj]] such that



z(x,mj) = m (x,m) -⑤
& (x,mj7 = f(x ,m (x,my -O

Note that
->F , my are

real: Ti Heritan
-> f, m; are

unitless

->
Since mit is only a component of

I

f -m 20 -

A

Define J= [iJy-
1

=>=
Ty=

These satisfy :

[5z
,
]+] = =+5 -

[5+, ]] =25

[21] = 0 -



⑬ => 52(= (x,m,)) = f(x,mj)t((x,m)
- 14

it. 11,mil
,

all also
C

eigenstates of
2 with this same

eigenvalue , f(x ,ms) , as 1x,Mj7

Now
, Jz+ Kinst)

=> (,z + T+ )(x,mi]
-

cusing (4)
= (m+1)h( (x ,mi)) -⑮

=>
+ 1x,mj) is also an eigen state

of 52 with eigenvalue (Mjt)h.
ic. I raises the E-component of I

by to



1114) (x,mi)) = ( -1)h(5 (x,m))
-⑯

It. I lowers this z-component byt
·

E (m) (x , Mi =⑰
where [1x, mj>3 are taken to be normalized

In general,
(5)2 (x,m) < (x

,mj =n]
-O

⑱ defines a ladder of states, originaling
Y

from a given m;

Alltive states have the

same eigenvaluefor itFf(x , mj)

!



But
,
since all 52 eigemalves must

satisfy⑦ for a given f, we
-

must have a maximum m value .
2

Letis refer to this value aj.
2

j = max[m3/ foragivenX.
-

=> -j <j J for a giveux
-⑳

To ensure this we must impose.

(i) = 0 -

5 (x, -17 = 0 -

Compare this with the boundary
conditions on the QHO operation)

From we have,

x,j) =0



. = (5a- =Jy) (n+ iY)
= +j+ i [a;Jy]
=_-tz -

Curing 6,00)

substituting ⑫ in we get
fh - jh-jh = 0

o f(xi) = j (j+) -

f is sin magnitude of = and
remainhi same for all ej. Therefore,
we can replace the quantum number

-

by I which fully determines f
8/j ,mj) = j(j+jimg]

-



starting from Iit) and repeatedly
afflying I we get tie states

& 15 j -1 , 156-2), ... ,im] ... bith]
-

Thes
,
live only values of my allowed
.for a givenJ

Since this implies that for each

I we have x = 2j+1 M;
values

we have that
where i is

j= positiveintegen
=> j = 0, " , 1 312135/21..

-
&

·:I can have integral or halfintegral
values .

j = a i ,Bir ↑Yi mj) = j(j+1)hisims)yo
mj =

-j, . . .,j /oimy)= mjt (j,mj]



An infinitesimal spatial rotation of
a position ket can be achieved

&

essuy - 1 Y

Dz(e) = -if
where Ez is the orbital A .M.

/,0,47 = (r,0.4 +z) -⑪
Z

where we have used sphericalpolar
& =

coordinated for ti position bets.

Now, a rotation by an angle I
can be achieved in steps as

*(=(z(n))N -
NEE

If N-w , Mien
& (z(4n))M-i
N

= expficiz) -⑬



where we have used the approximation
to the exponential :

e-En(l--
·z() = expl-i[z) -

Now, *z(x) (2,0, 47 = 10, 0,4+27
-

=> exp(-iz) (2,0,4) = 10 ,0,4+<7
-⑤

Let 11,me) le abitat A .M.

eigenstate ed that

↳z le,me Met Il,Mis
[2/e,met = eCette,mese

=> Cl,Melt 10 ,0,47 = (e,me (n,+5-



From we have also that

Se,me (r, 0,y+x7 = expliame
St,Mel r,0,47
⑭

For 2=27 we get

Je ,me /r,0,4+247 = evizime St
,me lr,0,47
-

Now
, <emeroy = Prat

is the wavefundin concepending to
-

-

(l,me? ↑

Since the warffunden&
must be single-valued, andanse
a 27 retation leaves the position invariant
we mustlave :

evizime =1-
a mee



Since , me is among 9-1, -1 H, ... 13,
# ltz .

Therefore, the integral values of j
&

&

are attained for A .M. describery
--

spatial rotations of position kets.
&

Orbital AM hatscarly integral
I values possible.

l = 0
,

1 , 2,..

Me =-e, -e+, . . .

,
e-
,
e .Gu


