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plu The Halom proble-
F=h

e

↳ Selection -Q
nucleus

We once again perform this

cm-hansform
defining :

② [=·
= -En

This given forhis relative motion

# = - " - 1 -
2M y

Here we have assumed a nuclear charge of
Ze . (Hydrogenic aton)



writing the Schrdinger equali in
spherical plar coordina we
have :

-4)-
- Re 4(x) = EP(r,0,+)

-

Since this is a central potential,
we have that [F, [] = [F, Ez]=

·
-⑤

: Pr. 0 ,4) = R(r)YM (0,4) - 6
substituting their in the eye above

and dividing bothrides by TM(0,4)
2

- (RIv)-RRY[ Jen
- HzRIr) = ERI) --



From⑦ we expect that bothR(r)
and, hence , E could depend on I ,
but not on m . This means that
each energy level will

have a

(e) degeneracy coming from [
-

eigen states

To simplify⑦ Let's consider

R(r) = U(r)/r -

substituting this in Yield

&+E +zeju-
-V
- an effective
-poleutial .

->Unlike the usual And en., v = [0,d)



ver) = -Rel
e

2Mrz
un
-

repulsive untifugal
barrier for 130.

- Boundary conditions on UIr) are
-

different from a regular 2nd
problem

⑨ can be rewritten as an eigemalm en.

ZeU(r = EUlr-I

whenVI-
Since We has to be Hermitan ,wehave,
for 2 function U

,
(r) & U2r),

[. /Va =UzIYe



That i
. J*

(v)du=* vd
=d

=v
- v (-

*

)
⑮

(Since V(r) is a multiplicative
or space-local operatio)

Caligrating each term in by parts
we get

lu*-



Therefore , schuli to must satif.

chichforbadia
= SIRIriTrade JoeR

= 1

=mirsle=1 ⑰

or ridu = 1 -
&

That is for bound states

A UIr)-0-
2-o

For unbound states VIr-o)-
eike
-



For either case
,

#

U
,drm-U*In

Check)

So De is Hermitian if

[vidUc-Undrf)=Tr

en this case

This condition is satisfied if
U -> tentant -
vo

For to
,
this imples
R(u)= -T

at 2-0.

=> it diveges at the orgin -



=>For 10,mo 4 ~ &Ye
and(1) = -418(i)e

i. it doesn't satisfig Hi Schidupe
equ . at
li zugin

· We must have that co

a v - 0 -
2-0

Now as V-0
,
is dominant

leim in Ne polential is this

contiguyal tim isl
and 2) E . Yueo)

:G becomes inkin limit
↳

ele+1) -- U



A bial solution of the form
Ulr - & gielts
l

&
a(d -1) ut

2
=1)

& a= l+1 or-l . -

= E
ult regular ⑪

XYea -e vregularAren't depend
on El n-0

21
.Hows up atso against our

condition .
So we reject it.

:. Velr)-ult (vo)
Consider now the behavior of U as New.

VIU) -o a vew in our case.

At large this gu becomes



doesn't depend onI .
-
du

- 2ME UE = E -
Ton Fr ⑯

1) E 30 : V will scillate as-

2) ECo : He to al reo and
&should drop exponentially in

Mi classically ferhidden region
Let us focus on bound states ECO.

⑯ Velvene_
where=

There are son subtleties to this expectation
coming from the 10 decay of the potential
But enctivated by this behaviour , we
can define - Ker

Eer) = fre -



Let= =
Then

Vel = eFeele-
f then salifies :

-[
whereX -⑬ Eig

We try a polynomial expansion for
~

f inchvaled by their 10 limit
behaviour be stained curtier
Since U (D) ~ee' <feo) we can
choos

f(f) =ge
El

substituting this in⑰ and



collecting same power line together
we get-

-⑪tta
↳

Energy levels-
Now,
This is the same behaviors of coef.
we would get for the power serves

gulemere&

-
-

So we are tempted to equate
f =V -

But
,
this would imply



n = 12. =Me
-> as as fea

So we must terminate this series

at serve finite k . This would

happen if , forcome k , we

have+ O -
E

=> knax : (ze2)x = 2 (kmat(+)
-

or , from definitio of X-

E = -181 (EXD

= (x2

=
Since Knax is not fixed here beyond



being a non-negativeirleger
-- -

we get energy quartyals
for Knay = 0, 1 , 2,
&e = 0,

1
,
2, ... (from 2)

00 = (max +l + 1)
= 1 , 2, 3, ...

so that ⑪
En = - mze3

Defining 90 hradius)
we have

En = -(
It is convenient to define a unit

of energy ARy = Ke42a
,
3 e



=> En = -By
1 Ry = 13 . 6 eX.
=

Wavefunctions : Given His recursion
-
relations and tie Kmax = x-1-1
-

we can -
work back Mir warref
The corresponding fee · are a

set of polynomials called the
AssociateLaguer polynomials
dendid by

Sele = get t (2)



where (a)=
Lp(u) = en)(

with this definition we get

Ene(r) ~enao
-⑮

Allowed values ofI for a given2
are restriled by the highest depres
allowed for 2.

is l = n- 1 , 7- 2,·5,2, 1 , 0
-⑳

I f& P
S



The normalized eigenfrndion of the
Hali all tim:

Pos = Ha)"erla
IS

2 4zw) 2 Sta
*

-)e
↑
21 o
(5)=-⑬

upI= I (o)-ySinO
-
complex
erbilt

To get real abitats we
can for livea combinations

.

Pape = (21
- 42-1)/2

e-v/2a0
⑪ = -tas) since~

I



typy =P
=-(e
- Y

Similar combinations are possible
fora orbital.

Note that theReal ribitats
are NOT eigenfunction of Ez
but continue b be eigenfunctions of
5

.



Plots of the radial function

&

service : MIT Open courseware



Probability of finding the election
&

in a spherical shell of radie s
and thicknes do:

utde

=Itdid
he

= JP(r)r2dr
-

In live ground (15) state their
- 2u/g0

a e ↳-dr

Reaches a maximum when

d le
erpo my

=O-

des

- Max
=aor
-

-

Hence
,
Ne Bahr radius has a physical
meanin -



.. This Site

Plots of orbitals.

TheseTre3d functions so hard to plot

Usually plotted as isosurfaces of
- That is an image shows thedensity

surface made by points (F, 4) having
Sie same density 1412.

A nice visualization of theebitats
can be found at

A rough sketch of the spatial oriculation

of ti obitah are given below .

The shaded/
unshaded

isthat
the wavefs .
is positive)
regative.

https://winter.group.shef.ac.uk/orbitron/atomic_orbitals/1s/index.html.
https://winter.group.shef.ac.uk/orbitron/atomic_orbitals/1s/index.html.


Attic boundary of the shaded &
unshaded regions (pts, live, planes,shi)

&

Nie warefunction goes to zero yeelding
a node -

↑nemir,0.4) ~Rue(u)Po eint

-Ivezer) l

↓
~ (1 -x)minetm(

degree n-e- & Jultor
-

A derem degreat-m
n-l-1 Radial -
note devee l

H
l angulalnodes


