
-8/2025 Day 5. Mathematical Structure of-
-

GM States : VectorSpaces
-witho
-

From the 2-slit example we also note

that the is emerging at the detecterT

were associated with a wavefunchon
↑ which itself resulted from the
superposition of the waves 4& 42

from the 2 slits.
ter P(rt) = 4, (, z) +Ye,t)

-O
It's easy to

convince umselves that
3

-

through some combination of seits &
somes, one can always represent any
state of the election in terms z= -

Superposites of her state.
-

This superposition principle is then
-

a feature of &M States.

-Furthermore
, if the wavefunction is

multiplied by a constant (say, A), then



the probability distribution implied
by the state remains unchanged
Thus, the states are determined

-

the waveby
-

Juncons upto an

arbilary constant multiple &

These Observation can be bundled into
our first postulate.

Postulate 1 : Each state of a dynamical
- T

-

system, ata particular time3-
corresponds to a wavefunction ,say I.
The correspondence is such thatgif a
state results from superposition of

--

other states
,
the wavefunctionuerlain

&

is unearly expressible in terms of-

- &

W correspondary havefuncom of the
alter states , and converselyI

E =
c
,
4
, + 24 -②

where C
,2# complex number
i general .



From the stit-based thought expts.
>

we also anticipate that the order

in which we combine these states
does not matter and all should yield
the same(superposed) state.
te .

E = 4, + 4 = 4 +4,
-

and

E = 4
, + (42+4) = (4, +4)+4

-
We also consider , I & I ,where

-

C is an arbitrary complex number (non-zer
are corresponding to the same state

.

We note that there is nothing special
about a probability distribution in reaspace.

We could just as well chosen to measure

the mouentim distribution o the
is. This would have let to a momentum

dependent wavefunction 1).



For that matter we could have
distributionsmeasured the ---of any

-

dynamical property and associated
a wave function with . All these

would
& of course, describe the

sameitatesame preparation of system.
&

This means that there is an objectS
more fundamental

-

that any of-
the wave function , that identifies
the state . Let's denote thisdeject
as II) ,where 17 is calleda ket,
and I inside reminds us that this

state is associated with the wavefundi
↑Cist).

We can recast everything we are about to-
discus in terms of these ketswith
the equivalence IEL <Plist) .
But for now let's justdick to wavefunction



-

The properties of GM states listed out in

postulate 1 are remniscent of a
-mathematical constinct called a

vector space which we will review
exco

Vector Spaces : A collectiv of, objects,-
Y, 117

,
127, 13), · . . , I W) (the ket symled

-

being a personal choice not to be confused
with live GM state), for which there
exists

S

a) A definite rule for combining two objects
(sur/addition), denoted (v) + 1W]

b) A definite rule for multiplication by
"scalars" a,b, .., dented a lV)·

is said to form a vector space iff.

- D. %. 0-



1
. The result of each of tie operations&

above is an object in the same
collection. [c]

[alv] +blwL =V
↓ for a, b -> scalars

Vector sum
realor complex.
-

2. Scalar multiplication is
(a) distributive in the vectors

aDIVD#ID) = allD + awD
L , 2 ways of

4)
Forcing vectors are equivalent

(b) distributive in scalars

# b) IVD = alD# bND

(C) associative (D) =bD(V)



3 . (Vector) addition is

(a) Commitative
&

(v) + 1 w) = (w) + 1v)

(b) associative
(v) + (w) + (x))

= (u)+1w])+ 1x7

4. There
exists anull object (vector),

10) in V obeying

(v) + 10) = (v) IVEN

5. For every IV] EX ,
there exists

&

anenverse I] EV ,such that

(v) + 1-v) = 10)

This just implies :

1-v7 = (0) +(1) (v)
=-DIV] .



These anisms define live objects as
"vectors" in theirector space."

They imply (shang :

-> 1 is unique . I . If a 107
-

satisfies the same properties asI
Mien 197 = 107

-> olv) = 197

·
->1 -V) = -1v) (see above)

-> I-V7 is ,hence, unique
additive

&

uwerse
&

Examples :

a)
Cartesian vector in 3.d space

b) Set of all 2x2 natrices

c) Set of all funcions f(x) , OR*L
-

such that f(x=0) = f(x=4) =0



·

thatMost importantly C
we recognize

qM wavefunction also form a vector
space !!


