
18/s12025 Day 7. Inner product andDual spaces-- N

Given a (complex) vector space Y,
we define an inner product rule

for any 2 vectors (v), 1W) EX/Y
-denoted as <VIW] , such that

(vIw) =4 (mapping toa) scalars)
*

(vlw>= <Wiv] Iskew-b)
&
symmetry)

*-> complex conjugate

c) <Haw = a <vIw]
-chnear)

CaVIw] => a
* (v/w]
Cantilinear)

d) (vI(alu> +b(w))
=> a(n) + b [vIw)

(distributivlyover vecteraddition).



e) (vid 10 (non-negativity
for
measure)

Property(a)defineafunction
ma

afrom
Note that we choose 2 vector from
yo to make this map . (Binary operation)

(v)
,
(w)-> [vw) 4
EVIN

-

Properly (b) says that the order in
&

which we combine the 2 vectors

matters and the results are related
-

through a complex conjugation.

(Remember is z = a + ib ,a,LER
is a complex number then

** = a - ib

-or
,
in polar volation, if z = reil
thes z

*
= ri0 40ER)



Property (2) allows us to associate
to the inner-product ofa meaning

vector with itself. We say that,
for a vector IV EXN9

/

IIIV/I = (v/v) -⑯
Ef square of the norm
Cor length) of the
vector IV]

So that the norm is

inSv
=

<x(X] = 0 then (x7 = 10).
Conversely , the norm of themull vert
is exactly zero.



A vector space for which such an
product can be land fence, isinner I

defined is called an Innel Product Space
--

Note that while we defined the
T

properties desirable ofan inner (scalar
product, we haven't actually given
a recipe to compute it. This

,
in

turnscut
, depends on the vector

space in question.
D

Eg . consider the space formed by
alldoubles [(a, b) where a,be1R]&

·over a field of real numbers.
Let's define an inner product as

<v/i = anam + bubu

where (v) = (ar , bu)
(w) = Cam> bw)

a) I this a vector space? b) Is this a
valid innerproduct ?



Sching

ithemillancement
-

There's a more elegant (and formal) way
to arrive at the notion of inner products.
We note that an inner product is

-

essentially a lineal map from
a vectorspace XW to complex numbers
C . Such a map is termed as
a (lineal) functional.

a functional
For

everydesuch that,

Linearny is
antilineali Fairy (Iv]) = a

*Sing(1v>)
in 1w)



(iii , fini (10) + 17)
Lineait addition = f,) (iv) +f,my (i)

civ fr) = F
,my
(v)+f)

&

Linearity
are "bea" addition

V Sm(iv)) = (wi)
viSivy (lu>) - 0

vii, flo (iv) =
0 IEXN
-↳ null vector ⑪

al

Sinceeach fiv depends on a INTEV,
we can assume an easier poliation

[W/ such that
C-

⑫)= <wiv)
⑮

↓ IVEVN

The complete set of maps [(W) : Iwiev]-

is easily shown to form a vector
space. This is called the "Dual Space"

N denoted asN. -

of V ,
·



Each vedor (v1 Y* is called
-

a "bra" vector. Rewriting all the
properties in ⑭ in term of the
bra vectors we have :

N

(i) <WKalv)) = aswiv) IVEX N

(wItX
atk

zii, (aw/v) = a*Swirl

(iii, <wi((u +1)) = (WIU) + Swiv)

(iv , (wl + (x1) ((v)) = <wil + (x (v)

& , <W* = Nviw>

ii , (v/v) - 0

I (y(v) = (10) =0v
-
⑯



These are exactly the properties we
requiredof our inner products. So,

-

we can identify I. P. s as the combinatioN

of a vector each from V & its dual

Y such that the rules in⑯
are cheyed. ·

Orthogonality : For (v), 1w]VY,
-

if SVIW] (is definedand-
·

is equal to 0 , then
-

the 2 vectors are said to be

orthogonal.Mutu=⑰
-

Alternatively, a vector IV anda dual
<VI are said to be athogonal if
the condition inD is deeyed. Same
is also true for (w/ & /V>



As mentioned before , given its
--

non-negativity , we can associate

[VIV) with the square nor/lengler
of IV) is Kill = Trus

So we can define a unit vector
as

onewithaunitlangiteef
&

Given a vector (v) < XY, we can
always define a unit vector (v)

which is "Parallel" to IV by

127=
This procedure is called Normalization
-
- bet-In &M, only the "dredio" of a

vector decides the state. So states

will flex be normalized.


