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Orthonormal bases : A set of linearly-M -

independent vestors U) = [Inix= i=1,w]
SSpannery VIN is said to form an

althogonal basis set if

(in) # o if i =j( if ifI20

* ije[ ,NJ . -D

If , additionally , the rectors are

normalized we have the condition

<Miluj] = bija 90 it,t
-

for an otonormal basis set
--

-

Abbreviated as ON,



By its definitio, we can writeany
vector v X* in terms U . (O/N)

(v)=-
where 94

↳i can be determined easily using
N

<nj/v7 = &Si Shjii]
i= 1
N

=Edi Dij = X,
-

.i
⑤ is me of this most important relativ
for QM. It says that any vector can

be resolved into an olw basis with
-

coefficient obtained as innerproductsof
the rector with the corresponding basisket.



(v)=
↓p

The object P, is interesting . Comparing
&with

,
its action can be given as

(v) = xilni)-6
Thus
, acting on IV) it generates the

part of IV) parallel to 14:7. Both-
sides of ⑥ are vectors. Hence

, Pi
-

maps a rector (v) to another vector

: /ni) · Such an object is called
genator. In this case wehavean 7
11

a projection! operator.

Noe that
, P=(C) is also a

operator. But this one maps (vs
to 127

(v)= p(x)-



Such an operator acts equivalent to
-

a multiplication by 1: it is
called a identity operator, dendid

by 1

i.Mix
This statement is called the

-E

resolution of the identity in the
-

It basis.

The objects IniXuil (or Ei)
are a combination of a bra anda ket

&

-

but different from the runerproduct.
-

This is because they map V
*-VM

3

whereas I.P.. map /-
K.

These objects are called
"Outer Products"



Hilbert spaces : Inner product spaces
-

Ywhich are also a complete metric
space "are called Hilet spaces.
Without worrying about the meaning
of this definition, we will claim that
theI.P . spaces of interest to us

form Hilbert spaces . They will be
-

devoted henceforth as I .

Typically I the H.S. of our interest with
be infinitedimensional (N-+).
This does not present any conceptual
difficulty.
We also note here that

,rmallyS
anOIN basis set is chosen to

"represent" recleis in the H. S.

(vi= Mixuiv) -

Which one we choos depends or
our convenience.



Linear Operatore :
-

Let us formally introduce this nation
-

o linear operatorsthatwill indicate operator
-

An object is said to be a

linear operator on 12 , if
(b) acting on any
vector (v) EH , it produces another
vector (say) /W7 < VN·
I (v) = 1m) ↳or 2 : 72 - *.

(2) & (c()) = c (v) AceP

(3) ↑ ((x) + 1r)) = (v) +Y(r)
-

We can see that the projection gerators
-defined earlie clearly meet this descriptsA

operatios can be of many kinds .
Some

commeron eves ase :



1 . Constant gerators :
& (x) = c (X)

- ↓ Ce
operator

FIVER

2. Identity Operator : Same definite as
-
above but with C = 1 . In such

a case we use the symbel for
the operator,

3

.Mulsperato
a

---
-

-En many ways operators can
bethought

o as numbers with same exceptions.

Additionofdre= (v) + y(x)⑮ Er

Since the resultof the additiveperation
is also a vector, we can think of
It's as some operator I , such that



& (v)= +5) (v) = 2 (v>+/)
-

This lets us define the operator
-

identity 5= +1 -
↳]

Scalingoperation : If at K, IV EH.

then

(a)(x) = a((X))= (avy

Product of operators : -
-

(5)(v) = 2(p(x))-
↓ IVL EM .

If there exists an operator o such that

(v) = (*) (v) flu)Er

them we can write , -
= = 2 ⑮
⑭



Note
,
however
,
that

3 + 52 - ⑯
in general.

Thus
, operation do not "commute
in general.

Through these equations we have
defined an operator algebra.

Operation identity : f (v) = IV
* IV)Er

-


