
zolation Day 10. Hermilian Operators- -
Action on duals : The same operators
canalso be understood to act on
dual-vector to yield other dual
vectors. Here's how :

Let (v) = 1w] for same lete
-O

eien

<ullv] = [v/w] - ⑪
Since (V) can be any arbitrary rector-

and Iw) its image in ze under
we can say that, M

(x1 = <VIX -③
is that dual vector (Ese) which
would yield the same valu
for inverproduct with 1v) as.

SUI would with 1W]
.
That is,

(x) : <x(v) = <VIw] -
<UIY

This defines the actionof
on a bra vector (from the right side).



Postulate 2 : Every dynamical variable
-

of a (quantumsystem, at each
instant-

· comesponds to a linear operator
on the Hilbert space(ze) of quantum
States.

Real dynamical variables will be seen
to correspond to real in Hermetion operator

By dynamical variables we mean all
mechanical (andother) properties that
describe all aspects of the instantaneous
state of a system. These include

-

positions, momenta, velocities, angular moments,
diple moments, charge densities,
magnetic momenti, etc.

Operator will be denoted by a hat appearing
on top of the usual property symbel
2. ↑F,,



Adjoint of an operator : we defined
-

above (x) =< .

<XI itself is the dual of IX) which
can be
I
in principle , connected to

the bet 10) via some operator.

Let (x) = P(v) -⑤
Is there a connection between & & ?
Yes. B is called the Hermitian adjoint
of Y and is dended by It. There,

if <X1 = Lui

enerpation-
From ⑮ we have,

<x(x) = </Y
= <vix

*

= Jul
·*= <Itiv) -



& is an alternative definitio for It ↑

-

Quarhlies of live kind (VIIV) are
called matrix elements . We will
-

see late -why

Let B= Y .
Then
,
⑳ implies

[v/(*)
+
10) = Cristing

*

= <Ilo]@
Since this is true for any 103, 10EH

.

we have
= ⑩

[logical flow of the arguments to define the adjoint

(x) [t(X) = 11

&In In uit
Yx= a+10) 7



That is
,
the Herritian adjoint of the

Hermitian adjoint of an operator is the
operator itself.
This is similar to (C

*)
*
= c EK.

Thus, operator algebra resembles that
of complex numbers with the

caveat that #**, in general .

Postulate 2 then implies if a dynamical
-

variable 3 is associated with the operatio
-(xi) When its complex conjugate

is associatedwitht
2
* 25

Hence for realdynamical variables. I
,
where

4=
,
we must have, for the

corresponding operator that :I

-

suchoperatetermed Hermilan



We can also include this assertion in

postulate 2 but it is not necessary
T

since She requirementfollows more
---

entuitively -

Note that grien any operator
on He ,we can

write.
-

& = (2 +2t) + (-+)
= YR+I -

where
<r= ++=- familiancreal)

&
=
=-+= = - + skew-

-

Hermilan

curagnetso that+=r-I-

Any operator can , hence, be written asa
sum of a real (Hermitian) and an

&

imaginary(Skew-Hermitianoperator,sa



tofadjant
on.

2 . (j) = St+

3.&...)=
T...stat

Alternative
4 . (uxul)

+
= luXXI & definition

for Hermitian

-Mul
*

= SVI) for
geratio .

a real
operator

6 . (v/v) ER Ivett for
a realoperator

7. If isreali is purely inagnas-

(skew-Heuritian)

-



Eigenvalue equations : Given a
-

-

linear peralor I , it is possible
-

to ask for vedors [/vc]} such that
whenacts on them they merely
get scaled: It

/Va) = calva) -⑭
↳ k

Such an equation is called the
&

eigemalue equation of . /Va7 is
-

called an eigenvector and the

corresponding Scaler C is called
the eigenvalue.
Hermitian operators have interesting
properties associated with their
eigenvalue equation .

Let I be a Hermitian operator.

=>+= 2 -



Let the corresponding eigemature
equation be :

(va) = Calva)-

=> [ValIva] = Ca [ValVa7
⑯

The property 6 . in eg.. implies that

[ValIva) is real

Since[Valva) 20 and real
,
this

implies ↳ is real . So we get a

very important result.

Theeigenvalues of a Hermitian operator
are real -

Consider 2 different eigenkets (a) , Nail
· [Iva) = CIva)-e
Nail = Elvai)-



Taking inner product of ⑰ withVal
we get

<villva7 = @ (valva)
-

Similarly , taking inner productof
⑱ with <Val and then taking
the complex conjugate of both
sides Yields .

[vallva
*

= C. (valva*
-

=> cusing property 5. in ex.)

[v(va) = Cl (Valva)
-

⑲⑳ gives :

( - () (valva) =0



·

We consider 2 cases below.
·

isF distinct eigenvales

Then, [alVa] = 0 -
-

-Er
=

↳tocorrespondingna-

are shogonal.

(ii, Ca =Cl (buta +1 necessarly)
Such a case is referred to as a

degeneracy & theeigenvalues is said
to be degenerate : (v) & IV1) are
not the same (or parallel).
Note that any

combination of (a) &Na

also is an eigenector.
* (alva) + blVaT) = <(a(a) +bNa)

-
We can then construct 2 combinations

in the following way.



Let In = (VaY/valva
-

and 305
1427 = (va7/van

These are the unit vectors along (c)& (v)

We can choose one of live eigenters
&

to be 141) itself- it.

(21) = (41) ⑳
The second eigenvectorotrogonal to
less is written as:

IE) = (2) -leaXeclua]
-2

It is easy to check that this is
-

orthogonal to 1917-

Lete) = Lean2)- Le, leixe,la

= (e , luc)-(e, luc) =o
C : +e,) is normalized
-



: le - (E) -
EEL

is the und On eiganector.

Hence
,
-

Egenvectors of a Hermitian are
&

-
-

or can bemutually othogonalAchosen to be orthogonal (fordegenerate cases) -
-

To establish further the connection between
Hermitian operators and quantum mechanics
we next set up the "measurement"

postulates.



The Measurement Postulates
-

Portulate3(ab

nAny result of measurement of a real
& -

dynamical variable is one E ene

of the corresponding operator.eigenvalues.

conversely, every eigenvalue is a
possible result of a measurement of

-

the dynamical variable for some state
-

of the system.

-> Physical meaning of eigemalves of a
Hermitian operator.

=> all possible values can be measured andM
correspond to the eigenvalues of X



Postulate 31b) :
-

If the system is in a dynamical
state corresponding to the eigenbet

M -

of a real operator I , belonging to te-
eigenvalue X', the a measurementof X
will certainly yield the value a

Conversely, if the system is in a M

state such that a measurement of a
-

is certain to yield the value X', then
the state is an eigenstateof

N.B. egenket- eigenstali
Implications:
#I'degenerate state is in

-

superposition of degenerate eigenstates.
↑

(Resolution incomplete)

(2) states of differing eigenvalues are-
arthogonal, if 2 preparations are certain

- all
to yield different valuesof, they



orthogonal
-> puyricalmeaning oferthogonality

After a measurement yieldingeie

eigenvalue X', the system , being&
~ -

actperturbed by the ofreeasury-

"jumps" into the eigenate /)
↑

Subsequent measurements continue to
yield the value I' confirming this
-

understanding -



Portulate 36C) : collapse postulate

The state of a system depends linearly
on the states that it "jumps" into

following. a measurement.

Since 3(a) says all eigenvalues of a
real variable are measurable and 3(b)
states the resulting states are eigenstates,

&

what we are saying above is than
any state depends linearly on the
eigenstates of a real variable.

Complete set of states : A set of states
-

on which any nector in space depends
and heace can be used to fully
represent any state.

Not all Hermitian operators have enough
eigenvector to satisfy this requirement.



Only those that do can be
observed

↑
Hence

,
there are called
-

observables. For
these

,

=(1)⑳


