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Density Functional Theory - The Hohenberg-Kohn Theorems



Lecture Plan
• Statements and proofs of the Hohenberg-Kohn theorems
• Euler-Lagrange equations of DFT 



Quantum Mechanics the DFT way
Conventionally, many-electron problems are solved by solving the Schrodinger equation for a 
given external potential.
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Ĥ n(x1, x2, . . . , xN ) = En n(x1, x2, . . . , xN )
<latexit sha1_base64="6uciKcGduSQBzjJ7YfR3gzUj3Cw="></latexit>

v(~r), N =) Ĥ =) {En, n} =) All electronic properties

However, as we saw, this procedure is complicated by the large dimensionality of the wave 
function. 



Quantum Mechanics the DFT way
A simpler object is the 1-electron density given by

Density Functional Theory is based on the assertion that all properties of the many-electron 
system are determined once the ground-state 1-electron density of the system is known. 

This is a tremendous simplification as handling the 4N-dimensional wave function is now 
obviated for a simpler (3+1)-dimensional density.
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x = (~r,�)
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n(x)dx = N
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n(x)d� = n(~r)

Spinless density
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n(x) � 0 } For a valid density



Hohenberg Theorem 1
Statement: 

The external potential v(r) is determined, within a trivial additive constant, by the ground-state 
1-electron density n(r).

Since n(r) determines the number of electrons (N), it also determines 
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T̂ , Ŵ

Therefore, it follows that n(r) determines the ground-state wave function of the system and all 
other electronic properties.

<latexit sha1_base64="EBpxbxWPVaQcIdLkdadtqxi0WWI="></latexit>

n(~r) =) v(~r), N =) Ĥ =) {En, n} =) All electronic properties

Consequence: 



Hohenberg Theorem 1
Proof: Reduction ad absurdum
Consider a system of N electrons with a non-degenerate ground-state and with a (valid) 1-
electron density n(r).

Let us assume that there exist two external potentials, v(r) and v’(r), differing by more than a 
trivial constant, that yield the same ground-state density n(r). 

The corresponding Hamiltonians will be H and H’ with the ground-state wave functions 
       and     ,  and energies E0 and E0’.

<latexit sha1_base64="uFXwce++9cbX4CHJRfePY7+EXTk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5vabmpF+tuXV3DrJKvILUoECzX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZiW6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV0nrou5d1b2Hy1rjtoijDCdwCufgwTU04B6a4AMDDs/wCm+OdF6cd+dj0Vpyiplj+APn8wdMaY5a</latexit>

 
<latexit sha1_base64="42VoPhHDntoGgGWUQ/JmgNlWlWg=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4Krsi6rHoxWMF+wHdtWTTbBuaZEOSFcrSv+HFgyJe/TPe/Dem7R609cHA470ZZubFijNjff/bW1ldW9/YLG2Vt3d29/YrB4ctk2aa0CZJeao7MTaUM0mblllOO0pTLGJO2/Hoduq3n6g2LJUPdqxoJPBAsoQRbJ0Uhg3DHkOlmaCoV6n6NX8GtEyCglShQKNX+Qr7KckElZZwbEw38JWNcqwtI5xOymFmqMJkhAe066jEgpoon908QadO6aMk1a6kRTP190SOhTFjEbtOge3QLHpT8T+vm9nkOsqZVJmlkswXJRlHNkXTAFCfaUosHzuCiWbuVkSGWGNiXUxlF0Kw+PIyaZ3XgstacH9Rrd8UcZTgGE7gDAK4gjrcQQOaQEDBM7zCm5d5L9679zFvXfGKmSP4A+/zB7MSkXc=</latexit>

 0



Hohenberg Theorem 1
Proof: (ctd.)
By the variational principle we have
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E0 + E0
0 < E0

0 + E0
This is not possible! 

Hence, two distinct potentials cannot yield the same ground-state density. Theorem is thus proved.

(2)
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Hohenberg Theorem 1
Corollary: The ground-state energy, wave function and all other electronic properties are 
functionals of the 1-electron density. In particular, there exists a universal functional of density 
that yields the intrinsic energies of the system. 

<latexit sha1_base64="EBpxbxWPVaQcIdLkdadtqxi0WWI="></latexit>

n(~r) =) v(~r), N =) Ĥ =) {En, n} =) All electronic properties
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 0 =  0[n]

Hohenberg-Kohn universal functional
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Hohenberg Theorem 2
Statement: 
For a valid trial density  ñ(r),                       . 

That is, an arbitrary (valid) density will yield an upper bound to the exact ground-state energy.
This is a variational principle for the density.
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E0  Ev[ñ]

Proof: For a system with ñ(r) as the valid ground state density, from the first theorem, we have
<latexit sha1_base64="jCFqj2kxYJz+UyPCwT5ni0DIWns="></latexit>

ñ(r) =) ˆ̃
H =) Ẽ0 = Ev[ñ],  ̃0 =  [ñ]

This means for the system 
with Hamiltonian H we have
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=) E0  Ev[ñ]

Hence proved.



DFT Euler-Lagrange Equations
The second HK theorem establishes a variational principle for DFT. This means that, given the 
universal functional, we can seek the ground state energy of an N-electron system by 
minimising the total energy functional with respect to the density. 

Subject to the condition
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The constraint can be incorporated using the method of undetermined multipliers and the E-L 
equations become
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