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Density Functional Theory - Kohn-Sham Equations



Lecture Plan
• Ensemble DFT
• Kohn-Sham Approach to DFT



Ensemble DFT
The density-based variational principle as well as the existence of a universal functional can be  
extended to “ensemble” densities, i.e. those derived from mixed states.

Finite-temperature Canonical-ensemble Theory
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Density Matrix

State weights

1. n0(r) =>        uniquely and, hence, all equilibrium properties.
2. There holds a free-energy variational principle into which 

enters the universal functional.
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Ensemble DFT
The density-based variational principle as well as the existence of a universal functional can be  
extended to “ensemble” densities, i.e. those derived from mixed states.

Finite-temperature Grand-Canonical-ensemble Theory
Density matrix

State weights
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1. n0(r) =>        uniquely and, hence, all equilibrium properties.
2. There holds a free-energy variational principle into which 

enters the universal functional.
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Kohn-Sham Approach to DFT
It can be shown that N-representable densities can be written in terms of smooth, continuous 
and quadratically integrable orthonormal orbitals.
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So, in principle, we can approximate a large part of the kinetic energy of an interacting system 
by the kinetic energy constructed out of these orbitals.
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This idea was used by Kohn and Sham to devise a way to solve for the ground-state density.



Kohn-Sham Approach to DFT
Hohenberg-Kohn theorem applies to both interacting and non-interacting systems. So we ask 
what external potential vs(r) when acting on a non-interacting system would yield the same 
ground-state density as an interacting system under an external potential v(r)?

Non-interacting system
As we have seen before, for such a system the eigenstates are given by Slater determinants 
formed from 1-electron spin-orbitals                such that
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From HK Theorems, we have 
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vs ⌘ vs[n](r)

<latexit sha1_base64="7ECC7zmz98n9uTb+TU9rfM89mv0=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFRITFWCEDBWsDAWiT6kJIoc96Y1dZxgO5WqqAu/wsIAQqx8Bht/g/sYoOVIVzo+51753hNlnCntON/W0vLK6tp6aaO8ubW9s2vv7TdVmksKDZryVLYjooAzAQ3NNId2JoEkEYdW1L8Z+60BSMVSca+HGQQJ6QoWM0q0kUL70M8UCx+wD485G+DpyxNBaFecqjMBXiTujFTQDPXQ/vI7Kc0TEJpyopTnOpkOCiI1oxxGZT9XkBHaJ13wDBUkARUUkwNG+MQoHRyn0pTQeKL+nihIotQwiUxnQnRPzXtj8T/Py3V8FRRMZLkGQacfxTnHOsXjNHCHSaCaDw0hVDKzK6Y9IgnVJrOyCcGdP3mRNM+q7kXVvTuv1K5ncZTQETpGp8hFl6iGblEdNRBFI/SMXtGb9WS9WO/Wx7R1yZrNHKA/sD5/AJIhlmU=</latexit>

 j ⌘  j [n]

Therefore, 

And
<latexit sha1_base64="zE8DDhoE2StctPAPymRuoOCNfoQ=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLosunFZoTdIQ5hMT9qhk0mcmVRK7aO4caGIW5/EnW/jtM1CW38Y+PjPOZwzf5hyprTjfFuFtfWNza3idmlnd2//wC4ftlSSSQpNmvBEdkKigDMBTc00h04qgcQhh3Y4vJ3V2yOQiiWioccp+DHpCxYxSrSxArvcCBTuwkPGRtigJ/zArjhVZy68Cm4OFZSrHthf3V5CsxiEppwo5blOqv0JkZpRDtNSN1OQEjokffAMChKD8ifz06f41Dg9HCXSPKHx3P09MSGxUuM4NJ0x0QO1XJuZ/9W8TEfX/oSJNNMg6GJRlHGsEzzLAfeYBKr52AChkplbMR0QSag2aZVMCO7yl1ehdV51L6vu/UWldpPHUUTH6ASdIRddoRq6Q3XURBQ9omf0it6sJ+vFerc+Fq0FK585Qn9kff4Al9CTkw==</latexit>

Ts ⌘ Ts[n]



Kohn-Sham Approach to DFT
Interacting system

We break up the total energy as follows, for some orthonormal 1-electron orbitals 

Exact K.E. Exact 
Interaction energy. 

Non-interacting K.E. 

Hartree energy
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Kohn-Sham Approach to DFT
Interacting system
Since the density is now represented by the 1-electron spin-orbitals, we can write Euler-
Lagrange equations in terms of the latter subject to the orthonormality constraint.
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Kohn-Sham Approach to DFT
Interacting system
The potentials in the previous expression are derived as functional derivatives of the 
corresponding energies. For instance,
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It is straightforward to show that the 1-electron equations can be converted to canonical 
eigenvalue equations by a suitable unitary trasnformation of the orbitals. This yields the Kohn-
Sham equations.
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Kohn-Sham Approach to DFT
Interacting system
Comparing the non-interacting and interacting cases we realise we have basically introduced 
an auxiliary non-interacting system to solve our interacting electron problem such that both 
yield the same ground state density. 

In particular, at the ground-state density we have
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vs(r) is called the Kohn-Sham potential. It is the answer to the question we asked.


